Abstract: An implicit numerical scheme is developed based on the simpli¿ ed marker and cell (SMAC) method to solve Reynolds-averaged equations in general curvilinear coordinates for three-dimensional (3-D) unsteady incompressible turbulent À ow. The governing equations include the Reynolds-averaged momentum equations, in which contravariant velocities are unknown variables, pressure-correction Poisson equation and k-turbulent equations. The governing equations are discretized in a 3-D MAC staggered grid system. To improve the numerical stability of the implicit SMAC scheme, the higherorder high-resolution Chakravarthy-Osher total variation diminishing (TVD) scheme is used to discretize the convective terms in momentum equations and k-equations. The discretized algebraic momentum equations and k-equations are solved by the time-diversion multiple access (CTDMA) method. The algebraic Poisson equations are solved by the Tschebyscheff SLOR (successive linear over relaxation) method with alternating computational directions. At the end of the paper, the unsteady flow at high Reynolds numbers through a simpli¿ ed cascade made up of NACA65-410 blade are simulated with the program written according to the implicit numerical scheme. The reliability and accuracy of the implicit numerical scheme are veri¿ ed through the satisfactory agreement between the numerical results of the surface pressure coef¿ cient and experimental data. The numerical results indicate that Reynolds number and angle of attack are two primary factors affecting the characteristics of unsteady À ow.
Introduction
Much interest in computational À uid dynamics is focused on the simulation of practical flow in complex geometry. Unsteady flow phenomena, flow separation, recirculation, vortex shedding, turbulence, etc. often occur in practical flow. It is a formidable task to simulate the practical flow accurately. Ghia et al (1989) developed an unsteady direct solution method in general curvilinear orthogonal coordinates by using the vorticity and stream function. Rao et al (1992) presented a primitive variables solution method by using Cartesian velocity components. In this method, the third-order upwind scheme was adopted to discretize the convective terms. Rosenfeld et al (1991) developed a fractional step solution method to determine 3-D viscous flow in a generalized coordinates system. Rogers (1995) extended the arti¿ cial compressibility methods to unsteady incompressible flow by introducing the second-order backward-difference scheme and the Newton iteration with dual-time stepping to restore the time accuracy of the solution. For these methods velocity and pressure are taken as unknown variables, which is advantageous to numerical simulation of turbulent flow.
The conventional turbulence models can be used directly. The MAC (marker and cell) method (Harlow and Welch 1965) is one of the primitive variables methods to solve incompressible flow. The SMAC method (Amsden and Harlow, 1970) was developed based on the MAC method. It inherits the two characteristics of the MAC method, including using an MAC staggered grid and computing Poisson equation. However, the SMAC method is more stable than the MAC method and is advanced in computing Poisson equation (Zhang et al, 2004) . In this paper, an implicit SMAC scheme in general curvilinear coordinates for unsteady incompressible flow was developed. To validate the scheme, the unsteady À ow of a 2-D cascade was calculated. The structures of À ow ¿ elds and the mechanism of unsteady À ow were investigated preliminarily.
Governing equations
The fundamental equations for unsteady incompressible turbulent flow are Reynolds-averaged N-S equations and continuity equation, which are functions of contravariant velocity, in general curvilinear coordinates. They can be written in conservative form (Zhang, 2005a): Implicit numerical scheme based on SMAC method for unsteady incompressible Navier-Stokes equations (1) and (2). In this paper, the standard k -turbulence model (Hou and Zou, 2005 ) was adopted. The k -equations in general curvilinear coordinates can be written as follows: (5) (6) (7) where k, P and v T are the turbulence kinetic energy, the dissipation rate of k, the production of k and the eddy viscosity, respectively. They are defined as:
The coefficients
The usual SMAC scheme for incompressible N-S equations in general curvilinear coordinates is explicit. It can be used directly and easily for calculation. However, in the explicit scheme, the time increment ǻt is strictly limited to satisfy the CFL number. To improve the numerical stability and computational efficiency, the implicit scheme developed for solving steady flow (Zhang et al, 2005b ) was extended to unsteady flow (Zhang et al, 2006) . The governing equations (including momentum equations, k equation, equation and Poisson equation) of implicit SMAC scheme for three-dimensional unsteady incompressible turbulent À ow can be written as follows:
The momentum equations (5), (6), (7), k equation (8) and equation (9) can be solved in the similar process by dividing into three steps, and applying the first-order upstream-difference to the convective terms in the left sides. The accuracy of depends mainly on the numerical approximation RHS l *(m-1) , and RHS l *(m-1) is affected mostly by the convective term RHS lC
. The higherorder high-resolution Chakravarthy-Osher TVD scheme is introduced to discretize RHS lC *(m-1) (Yonamine et al, 2006) .
For example, l = U, in the general curvilinear coordinates, , then
The primary difference of implicit SMAC scheme for unsteady and steady incompressible turbulent flow is the m times Newton iterations between n and n+1 time step for variables. The superscript (m) denotes the m-th approximation of n+1 time step variables. The computational procedure at each time step for the advancing solution with a time increment ǻt is as follows
The procedure is repeated at each time step until the convergent result is obtained.
Discretization and algorithm
The governing equations of implicit SMAC scheme for unsteady incompressible flow are discretized in the MAC staggered grid as shown in Fig. 1 . 
The flux limiter function is defined as min mod.
The subscripts U, V, W, P and X present the points where JU, JV, JW, p and x are defined respectively. The Chakravarthy-Osher TVD scheme is third-order upwind difference while =1/3 and b=4.
The discretized linear equations of Eqs. (5)- (9) at each step have a diagonally dominant tridiagonal matrix, and can be computed easily by the time-diversion multiple access (TDMA) method (Li et al, 2004) 
Application to unsteady cascade À ow
A numerical simulation of unsteady 2-D cascade flow was performed using the present implicit SMAC scheme.
The blade section in cascade with a pitch-chord ratio 1.0 was NACA 65-410 (Emery et al, 1958) . The settled angle of cascade was 30 o . The H-shaped grid was generated algebraically as shown in Fig. 2 , where the grid was concentrated near the blade surface and the trail of the blade in order to simulate the boundary layer and the wake flow accurately.
The periodic conditions were imposed on the cyclic boundaries in the upstream and downstream regions. The Neuman condition for the pressure and the no-slip condition were also given on the blade boundaries. The uniform velocity pro¿ le was given on the inlet boundary and p=0 on the outlet boundary. The k and were given directly by the velocity pro¿ le on the inlet boundary. On the blade boundary, the k and were determined by wall function. All of the other boundaries were given Neuman condition of unknown variables.
The computation was carried out with non-dimensional equations. Reynolds number is de¿ ned as Re = uC/v, u is the uniform velocity magnitude on the inlet boundary; C is chord length. The numerical results for the angle of attack 9 and Re =10 3 by using 121×55 grid points are shown in Fig.  3 . With this Reynolds number, the boundary layer À ow and wake À ow are simulated well. There are no separation both on suction side and pressure side of the blade.
The velocity vector, pressure contours and the surface pressure distribution of the cascade flow for the angle of attack = 9 and Re = 10 3 by using 151×75 grid points are shown in Fig. 4 . The flow becomes unsteady as indicated in Fig. 4 . The detailed flow aspect near the trailing edge is shown in this figure. The Kármán Vortex Street is formed in the downstream of cascade. The separation point is at the suction side of the blade, which is two-third chord length to the head of the blade. In Fig. 5 , the unsteady cascade flow is shown at different times. At the dimensionless time t = 0, a vortex generated by rolling-up from the pressure side to the suction side at the trailing edge causes a sharp pressure drop near the trailing edge, which is shown in Fig. 5a . After the vortex sheds from the trailing edge, the pressure at the Pet.Sci.(2008)5:172-178 rear part of the blade tends to increase, which is shown in Fig. 5b and Fig. 5c . During this period, another vortex grows from the separated shear layer on the suction surface, which is shown in Fig. 5d and Fig. 5e . After that, a new rolled-up vortex induced by this separation vortex appears, which is shown in Fig. 5f . As a result, periodic À uctuating À ow similar to the Kármán Vortex Street is formed in the wake. The period is about 0.5. To validate the result, in Fig. 6 , the time-averaged surface pressure distribution at the angle of attack 9 and Re =2.45×10 5 derived from simulation and experiment are compared. The result simulated by using the ¿ ne grid 255 ×75 is more accurate than the result simulated by using the coarse grid 151×75 with respect to the experimental data. However, at the head and the trail surface of the blade, the numerical results derived from both coarse grid and ¿ ne grid differ somewhat obviously from the experimental data. A possible reason is that the H-shaped grid is not a good ¿ t to the blade. To investigate the unsteady À ow characteriatics of the cascade, the À ow ¿ elds at different angles of attack were also computed. The results are not included in this paper as space is limited. 
Conclusions
1) The present implicit SMAC scheme is applicable to simulate unsteady incompressible turbulent À ow.
2) The unsteady flow of the cascade is periodic. There is À ow separation on the suction side of the blade under the positive angle of attack. The Kármán Vortex Street is formed in the downstream of the cascade.
3) Reynolds number and angle of attack are two primary factors which affect the characteristics of unsteady cascade À ow.
4) The computational results of surface pressure distribution are in good agreement with experimental data. The quality of the grid is one of the important factors for the accuracy of numerical simulation.
